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Using Brownian dynamics, equilibrium and dynamic properties are calculated for
colloidal suspensions that are stabilized through the Milner, Witten and Cates (1988)
steric potential. Results are reported for osmotic pressures, radial distribution func-
tions, static structure factors, and self-diffusion coefficients. The sterically-stabilized
systems are also approximated by equivalent hard spheres, with good agreement for
osmotic pressure and long-range structure. The suitability of the potential to model
the behavior of a real system is explored by comparing static structure factors
calculated from Brownian dynamics simulations to those measured using SANS
(Markovic et al., 1986). Finally, the effects of Hamaker and hydrodynamic forces

on calculated properties are investigated.

Introduction

Detailed knowledge of the microstructure of colloidal sus-
pensions is necessary for comprehensive understanding of mac-
roscopic behavior, including both equilibrium and transport
properties. One application where microstructure plays a crit-
ical role is in the production of specialty ceramics, where col-
loidal suspensions act as precursors; here the microstructure
influences the structural, thermal, optical and electrical prop-
erties of the ceramic products.

In this work, Brownian dynamics is used to calculate equili-
brium macroscopic properties, equilibrium microstructure, and
diffusion coefficients of sterically-stabilized colloidal suspen-
sions of monodisperse, spherical particles. Brownian dynamics
is a tool for simulating the equilibrium and nonequilibrium
behavior of suspensions from first principles, allowing for the
averaging of solvent forces. For a given interparticle potential,
the simulation gives exact results for calculated properties
within the statistical uncertainty of the computations (and, of
course, the physical assumptions implicit in the formulation).
This attribute provides a bridge between theory and experi-
mental measurement.

Steric interactions are short range, typically extending only
to distances on the order of the particle size; they are incor-
porated here through an interparticle potential developed by
Milner, Witten, and Cates (MWC) (1988) for systems with
strongly-stretched terminally-attached polymers. Other inter-
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particle forces, such as Hamaker attractive forces (Hamaker,
1984) and hydrodynamic interactions, can also be important;
they are included in several simulations for comparison.

The theory of hard spheres provides a frame of reference
for interpreting and evaluating the behavior observed in ster-
ically stabilized suspensions. Brownian dynamics calculations
are compared to experimentally-measured static structure fac-
tors of a sterically-stabilized colloidal system obtained from
small-angle neutron scattering (SANS) experiments by Mar-
kovic and coworkers (1986). The equivalent hard-sphere cal-
culations prove useful in evaluating the differences between
the SANS experiments and the simulations.

Background
Brownian dynamics

Brownian dynamics employs the Langevin equation (Lan-
gevin, 1908; Chandrasekhar, 1943; Ermak and McCammon,
1978) as the equation of motion for suspended particles. In-
cluding hydrodynamic and direct interactions, the N-particle
Langevin equation written in vector notation is

dv
m—= —Rev+F+A(r) ()

Equation 1 describes 3N force balances and 3/ torque balances
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for an N-particle system. m is the inertial tensor, v is a 6N
vector of translational and angular velocities of the particles,
t is time, R is the 6N x 6N resistance matrix (Brenner, 1964),
and F is a vector of net direct forces on the particles. A4 rep-
resents random fluctuating forces and torques due to collisions
with molecules in the suspending medium, with the following
statistical properties:

(A(1))=0 (2a)

(AO)A (1)) =2kT RS (1) (2b)

Here k is Boltzmann’s constant, T is absolute temperature,
and §(¢) is the Dirac delta function. Equations 2a and 2b were
obtained by Deutch and Oppenheim (1971) through a statistical
mechanical approach; they may also be derived from the fluc-
tuation-dissipation theorem (Bossis et al., 1982; Ciccotti and
Ryckaert, 1981; van Gunsteren and Berendsen, 1982).

The first term on the right side of Eq. 1 arises because of
hydrodynamic forces on the particles. The resistance matrix,
R, which is a function only of configuration for spherical
particles (Brenner, 1964), can be written as a combination of
Stokes drag, written as

kT
R,=— 3
DaI 3)

and a term accounting for interactions between the particles.
I is the identity matrix, and D, is the free-diffusion coefficient.
Only Stokes drag remains in the limit of infinite dilution.
Setting R= R, in Egs. 1 and 2 decouples the force equations
from the torque equations, eliminating the need to solve the
latter. This simplification is used in the simulations when cal-
culating only equilibrium properties, because they are unaf-
fected by hydrodynamic interactions. When hydrodynamic
interactions between the particles are included, particle rota-
tion is assumed to be minimal, because the systems are quies-
cent and the particles experience no direct torques. Thus, the
hydrodynamic coupling between rotation and translation is
ignored, and only the 3N force equations are required.

Calculation of hydrodynamic interactions is based on a pair-
wise additive approximation for hard spheres developed by
Durlofsky et al. (1987) which captures both long-range, mul-
tibody interactions and short-range lubrication forces. Details
of the adaptation for the absence of force-torque coupling and
an analysis of the error in the approximation are described in
TeGrotenhuis (1990).

The second term on the right side of Eq. 1 represents the
net direct force on the particles, which includes direct forces
between the particles and body forces; the latter are neglected
in this work. Pairwise additivity of the interparticle forces is
assumed, so the net force on particle / is

_ dU(rU) rij
Fi= Z dar r; 4
J
where the sum is over the other particles; U(r) is the potential
of interaction between two particles with centers separated by
distance r.
Solutions to Eq. 1 are obtained using a numerical method
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Table 1. Characteristic Dimensions Used for Nondimension-
alization
Length scale a particle radius
Energy kT temperature times Boltzmann’s constant
. @ 6mud o e
Time E:T characteristic time for free diffusion

developed by Ermak and McCammon (1978), which is accurate
to O(At), where At is the integration time step. Details are
given in TeGrotenhuis (1990). Simulations are carried out in
dimensionless form, and all reported parameters and calculated
properties are nondimensionalized using the characteristic di-
mensions in Table 1.

Interaction potential

The Milner, Witten and Cates interaction potential (1988;
Milner, 1988) is obtained from a self-consistent field approach
to the free energy of strongly-stretched, terminally-attached
polymers, corresponding to moderate surface coverage. The
authors applied this expression for the free energy to the sit-
uation of two identical flat plates separated by a distance s.
The polymers are assumed not to interdigitate and are com-
pressed by the second plate to a height of one-half the plate
separation. With the Derjaguin approximation (Derjaguin,
1934), the following dimensionless interaction energy between
two spheres of radius a is obtained:

ho 9 S 1/s : 1 s 6 3
Ux = C()hq 1 — )+ —] ~-=— | = 2
© [ ’ ( s) 5 (h) 3 <h> 30 <h> 2

when

s<h, (5

The energy of interaction is zero when s> h,, where s is the
dimensionless separation distance of the particle surfaces. The
equilibrium height of the chains is #*, which appears in Eq.
5 as h,=2h"/a. C, is defined as

2/3
COE21ra20Nf(%> (12/96)"* 6

where N, is the polymerization index of the equivalent freely-
jointed chain, o is the surface coverage in number of chains
per unit area, and w is the excluded volume parameter (de
Gennes, 1979) defined as

w=a(l-2x) (7
Here, ais the size of a monomer of an equivalent freely-jointed
chain, and yx is the Flory interaction parameter.

Hamaker (1937) forces are included in several simulations
for comparison. The potential of interaction used in Eq. 4 for
these simulations is

U(r)y=Ugdr=2)+Ugy(r) 8

where
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Unlr)y=~

4(1—%)
A \ 4
? —W+IH<I—P> 9)

This model is simplistic, because it does not account for the
presence ol the stabilizer layer. Nevertheless, it is adequate to
explore possible effects of Hamaker attractive forces.

Simulations

All simulations are performed at constant temperature, vol-
ume and number of particles in a cubic box of edge length L,
(nondimensionalized by particle radius). The number density
and volume fraction are, respectively,

N
N"=L_§ (10)

4 N
d)—?L—i (1)

The particle concentration is fixed for a given number of par-
ticles (N) by setting the box edge length (L,), the number
density (/V,), or the volume fraction (¢). Periodic boundary
conditions with the nearest-neighbor convention (Allen and
Tildesley, 1987) are used to eliminate wall effects. Pairwise
hydrodynamic interactions are spherically truncated at a dis-
tance equal to half the box size, L,. Simulations are conducted
using 108 and 256 particles. Preliminary simulations were per-
formed to allow the system to ‘heat up’ from a state of lower
configurational energy to equilibrium at the desired conditions,
and the final configurations were subsequently used as initial
configurations for simulations used to calculate properties.
Random Brownian displacements are generated using a pseudo-
random number generator; details are in TeGrotenhuis (1990).

Properties

Calculated properties include the radial distribution func-
tion, the static structure factor, the osmotic pressure, and the
self-diffusion coefficient. The radial distribution is calculated
by (Allen and Tildesley, 1987)

1 N N
N,,N<Z >, a(r—r,,)> (12)

i=1 j#i=1

glr)y=

where r;. is the vector from the center of particle / to the center
of particle j, and the brackets denote the ensemble average.
In calculating the radial distribution function, the domain of
r is discretized into segments, an average value of g(r) is
computed for each segment, and the value is assigned to the
midpoint of the interval. The nearest-neighbor convention re-
stricts the domain of the computed g(r) to be less than or
equal to one-half the box length.

Spatial correlations in the number density in Fourier space
are captured in the static structure factor, which is related to

sin (Kr) dr

Kr (13

S(K)=1+47rN,,S rle(r)—-1
0

Equation 13 is used to obtain S(K) from the calculated g(r)
through a fast Fourier transform (FFT) (Press et al., 1986).
The calculated radial distribution function is extrapolated be-
yond the truncation point by setting g(r) =1 to meet the FFT
requirement for 2" evenly-spaced function values, where n is
an integer.

The virial theorem (Hirschfelder et al., 1954) is used to
compute the osmotic pressure of a suspension from periodi-
cally-sampled particle configurations. With pairwise-additive
forces and periodic boundary conditions, the osmotic pressure
is calculated as (Dickinson, 1983)

P

1 N N
I-V—p=1+m<2 >, r,-,-F,--> (14)

i=1 j=ied

F; is the pair force between particles i and j and has the same
direction as r;;.

The self-diffusion coefficient was determined from the slope
of the mean-square displacement (MSD) curve (Chandler, 1987;
Dickinson, 1983)

| =

D)= —lr(1) —r(0)1*) (15)

O\ —
QU

t

where D, is nondimensionalized by the free-diffusion coeffi-
cient. The focus here is to obtain the long-time self-diffusion
coefficient, D;,, defined as:

D, =1im D,(r) (16)

The mean-square displacement curve is extended to several
characteristic times, and an average slope of the upper part is
computed using linear regression. The average indicated by
the angular brackets in Eq. 15 is computed by averaging over
many starting times, ¢°, and over all particles in the system
(Marqusee and Deutch, 1980). The N, starting times are sep-
arated by m time steps. The average mean-square displacement
at a discrete value of time is therefore calculated as

1 No !
= NZ D+ —r(y (1)
ot o

i=

(ar(nPy =

N
1

Equivalent hard spheres

The systems of particles interacting through the MWC po-
tential were also approximated by an equivalent hard-sphere
system. The only parameter in the hard-sphere potential is the
size of the particles, which is characterized by the hard-sphere
radius, a,,.. The other parameter needed to specify the ther-
modynamic state is the volume fraction or, equivalently, the
particle number density. Barker and Henderson (1967) defined
the equivalent hard-sphere radius for a potential U(r) as

the radial distribution function through the equation (Chan- ahler {1-exp[— U(r)}dr (18)
dler, 1987) 2J,
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Figure 1. Equivalent hard-sphere radius for the MWC
potential as a function of the magnitude pa-
rameter C, for h,=1.333.

The MWC potential diverges to infinity at =2, so there is an
implied hard-core region of r < 2, where the potential is infinite.
Figure 1 illustrates how the equivalent hard-sphere radius for
the MWC potential with #,=1.333 changes as the magnitude
parameter C, increases. Even when C, = 10*, the steric potential
shows a small degree of softness. The scale on the right side
of Figure 1 normalizes the equivalent hard-sphere radius by
the sum of the core particle radius and the equilibrium stabilizer
thickness. When 2(a,,— 1)/h,=1, the stabilizer layer is solid
and cannot be penetrated. The equivalent hard-sphere volume
fraction is calculated as

¢h.§=¢(ahs)3 (19)

where ¢ is the volume fraction of the hard core of the sterically-
stabilized particle.

The osmotic pressure of hard-sphere systems can be obtained
from the Carnahan-Starling equation of state (Carnahan and
Starling, 1970) as follows:

Pes 1 + ns + Phs — s
N,~ (—gn)’ @0)

Employing the equivalent hard-sphere volume fraction cal-
culated from Eq. 19, an equivalent hard-sphere pressure is
obtained from Eq. 20, which is thus compared to the osmotic
pressure calculated from the Brownian dynamics simulations.

Perram’s algorithm (Perram, 1975), which solves the Percus-
Yevick integral equations (Percus and Yevick, 1958), generates
g(r) curves for hard-sphere systems at specific volume frac-

Table 2. Parameters and Prior Runtime at the Same Con-
ditions (z,) for Brownian Dynamics Simulations

Case C, h, 1) N. At L,
A 4.0 1.333 0.2238 20,000 0.00005 1.0
B 20.0 1.333 0.0850 20,000 0.0005 5.0
C 20.0 1.333 0.1000 20,000 0.0005 5.0
D 20.0 1.333 0.1300 20,000 0.0005 5.0
E 20.0 1.333 0.1493 20,000 0.00005 0.5
F 1.0 1.333 0.1493 20,000 0.00005 0.5
G 2.0 1.333 0.1493 20,000 0.00005 1.5
H 5.0 1.333 0.1493 20,000 0.00005 1.5
1 10.0 1.333 0.1493 20,000 0.00005 0.5
J 2.0 1.20 0.1493 20,000 0.00005 0.5
K 2.0 1.00 0.1493 20,000 0.00005 0.5

Comparison to Equivalent Hard Spheres

Parameters for the Brownian dynamics simulations are com-
piled in Table 2. The steric interactions are characterized by
the potential parameters C, and A,, and the particle concen-
tration is indicated by the volume fraction of core particles ¢.
The number and size of the time steps (N, and At, respectively)
are given, as well as the number of dimensionless time units
¢, that were run at the same conditions in previous simulations
to allow the system to relax to equilibrium.

The equivalent hard-sphere radius, volume fraction, and
osmotic pressure for the systems in Table 2 are given in Table
3. During the Brownian dynamics simulations, osmotic pres-
sures were calculated at each time step, and the averages are
shown in the fifth column of Table 3. Estimates of 68% con-
fidence intervals of the calculated pressure are also reported.
Approximation by the osmotic pressure of the equivalent hard-
sphere system improves with increasing C, and decreasing 4,,
because the MWC potential becomes steeper and shorter range,
respectively. Particle concentration also becomes increasingly
important as the equivalent hard-sphere system approaches the
hard-sphere phase transition, which occurs at about 51% (Bar-
ker and Henderson, 1972); this is demonstrated most graph-
ically by the poor agreement for case A.

Figure 2 shows a series of radial distribution functions cal-
culated with fixed potential parameters at decreasing volume
fractions. Radial distribution functions for the equivalent hard
spheres are also shown, all of which have the same equivalent
hard-sphere radius. Both radial distribution functions display

Table 3. Equivalent Hard-Sphere Radii, Volume Fractions,

and Osmotic Pressures for Brownian Dynamics Simulations,

with Osmotic Pressures and 68% Confidence Limits Calculated
from Brownian Dynamics Simulations

Error
tions, and comparisons of results to the exact solutions of the Case Qs Drs Pq/N, P/N, Estimate
Percus-Yevick equations obtained by Throop and Bearman A 1.2647 0.4528 95524 7.8342 +0.0910
(1965) verify agreement to at least three significant digits at B 1.3872 0.2269 2.7417 2.7098 +0.0359
the volume fractions used in this article. Static structure factors C 1.3872 0.2670 3.3493 3.2655 +0.0375
are calculated for the hard-sphere systems using Fourier trans- D 1.3872 0.3471 5.1217 4.8901 +0.0488
forms as described above. The hard-sphere structure factors E Hig gggig gg?g; g;éi}t ig%gﬁ
are clearly inaccurate near K =0 [S(0)<0 is physically impos- G 112048 0:2610 3:2497 3:0390 10:0625
sible], probably because of truncation of g(r) or inaccuracies H 1.2834 0.3155 4.3137 4.1413 +0.0607
in the Percus-Yevick approximation at low wave number (Bar- I 1.3383 0.3577 5.4348 5.0873 +0.1393
ker and Henderson, 1972), but the results are relevant in the J 1.1761 0.2428 2.9657 2.8816 +0.1255
region of the first peak of S(K) and to the right. K 11350 0.2182 2.6271 2.6338 +0.2120
286 February 1994 Vol. 40, No. 2 AIChE Journal
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Figure 2. Radial distribution functions calculated for
C,=20.0 and h,=1.333 at the indicated vol-
ume fractions, from Brownian dynamics re-
sults (m m ) and for equivaient hard-sphere
systems (—).

appreciable structure at the highest volume fraction (Figure
2a); two peaks and possibly a third are discernible. The steric
potential is soft enough to permit penetration of the equivalent
hard-sphere diameter, resulting in a lower, broader primary
peak in the steric system to the right of the hard-sphere peak.
Agreement between the radial distribution functions improves
as r increases, but slight discrepancies are visible at the first
minimum and the second peak, with the hard-sphere peak being
closer to the central particle. As the volume fraction decreases
(Figures 2b-2d), the structure in both curves decreases, the
long-range agreement between the curves improves, and the
steric system continues to have a lower, broader primary peak.
Whereas the hard-sphere peak does not shift with volume frac-
tion, the primary peak of the steric system slowly shifts to the
right as the volume fraction decreases.

The static structure factors obtained from the curves in Fig-
ure 2 are displayed in Figure 3. There is less agreement in
Fourier space between the equivalent hard-sphere and steric
S(K) curves, but the agreement improves at lower volume
fractions, and the peak positions coincide closely at all con-
centrations; both peaks shift to the left as volume fraction
decreases.

Figure 4 demonstrates how S(K) changes as the potential
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Figure 3. Static structure factors calculated for C,=20.0
and h,=1.333 at the indicated volume frac-
tions, from Brownian dynamics resulis (m » n)
and for equivalent hard-sphere systems (—).

parameter C, is decreased while keeping A, and ¢ constant.
As the interactions diminish, the equivalent hard-sphere radius
and concentration decrease, causing the primary S(K) peak
for the hard spheres and for the steric system to shift to the
right and the structure (peak heights) to diminish. The peak
heights are overpredicted by the equivalent hard-sphere system
owing to the softness of the steric potential, but the peak
positions coincide closely.

Sensitivity of the microstructure to changes in 4, is shown
in Figure 5. The hard-sphere radius and the structure are rel-
atively insensitive to 4, in the range of A, values investigated.
A 30% change in A, results in relatively small changes in the
peak heights and peak positions in both the equivalent hard-
sphere and steric curves.

In general, the MWC potential is well characterized over a
wide parameter range by the equivalent hard-sphere system.
Macroscopic properties such as the osmotic pressure are es-
timated closely, and the long-range microstructure exhibited
by g(r) at large r is approximated very well far from the hard-
sphere phase transition. The short-range structure is not de-
scribed by the equivalent hard-sphere system because of the
softness of the potential. The most noticeable feature in the
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Figure 4. Static structure factors calculated for h, = 1.333
and ¢ =0.149 at the indicated C, values, from
Brownian dynamics results (s m m) and for
equivalent hard-sphere systems (—).

context of subsequent comparisons to experiment is the con-
sistency of the primary peak locations of the steric and equiv-
alent hard-sphere S(K) curves.

Comparison to Experimental System

Markovic and coworkers (1986) conducted small-angle neu-
tron scattering (SANS) experiments on 0.01-pm monodisperse
poly(methyl methacrylate) (PMMA) particles from which they
obtained static structure factors at several particle concentra-
tions. The particles were stabilized in dodecane with poly (12-
hydroxystearic acid) terminally attached through chemical
bonds. From their results, they characterized the particle in-
teractions using a potential of the Yukawa form. Here, we
attempt to replicate the microstructure of the PMMA exper-
imental system with Brownian dynamics and the MWC po-
tential to evaluate the suitability of the MWC potential and
to understand the interactions in this system.

To compare the experimental results with Brownian dynam-
ics simulations, several parameters must be determined, in-
cluding the core particle radius ¢; the concentration of particles
(either number density N, or core particle volume fraction ¢);
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Figure 5. Static structure factors calculated for C,=2.0
and ¢ =0.149 at the indicated h, values, from
Brownian dynamics results (= ® a) and for
equivalent hard-sphere systems (—).

stabilizer thickness of a free particle, #,/2; and the magnitude
parameter of the potential, C,. Three of the four parameters
are available a priori from auxiliary measurements made by
Markovic and coworkers (1986), and the fourth, C,, is con-
sidered an adjustable parameter. (Possible sources of error in
these parameter measurements are discussed subsequently.) If
the MWC potential accurately models the particle interactions
in this system, a single value of C, should reproduce the ex-
perimental S(KX) at all concentrations. The core particle radius
and stabilizer thickness were determined by Markovic and co-
workers to be 150 A and 100 A, respectively, which corre-
sponds to h,=1.333.

Markovic and coworkers (1986) determined the particle con-
centration by drying a sample of known weight, measuring the
weight of the dried particles and stabilizer, and calculating the
volume fraction of the particle plus stabilizer (¢,). Their anal-
ysis assumed an average density for particle plus stabilizer.
The volume fractions calculated in this way correspond to the
outer particle radius, so the relationship between the number
density NV, and the measured volume fraction is

4 AN
¢2=§w<1+3> N, 2n

Markovic and coworkers presented S(K) data at the volume
fractions and corresponding number densities in Table 4, where
¢ follows directly from Eq. 11.
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Table 4. PMMA Particle Concentrations Used in SANS Ex-
periments (Markovic et al., 1986) and Brownian Dynamics

Simulations
¢2 Np ¢
0.42 0.0217 0.0907
0.36 0.0186 0.0777
0.28 0.0144 0.0605
0.23 0.0119 0.0497

Before SANS and Brownian dynamics results are compared,
the physically correct order of magnitude of C, is sought.
Cairns and coworkers (1981) measured osmotic pressures in
suspensions of PMMA particles that were five times larger
than the particles used in the SANS experiments, but with the
same solvent and stabilizing polymer. They also conducted
Monte Carlo and cell model (van Megen and Snook, 1978)
calculations of the osmotic pressure using the potential (Ot-
tewill and Walker, 1968)

h, s : s
Us(s)=Cs<?—§> (3+h0+5> (22)

In general, C; depends on interaction parameters, polymer
concentration, and the particle radius. Cairns and coworkers
(1981) found reasonable agreement between the experimental
measurements and the theoretical predictions for C,=7 x 10°,
which becomes C,= 500 when scaled for the smaller particles
in the SANS experiments. This gives only a rough estimate of
C,, because the shape of the potential in Eq. 22 is much softer
at small separations than the MWC potential.

A straightforward way of obtaining the potential of inter-
action is from direct force measurements between two crossed
cylinders at small separations (Israelachvili and Adams, 1978).
Using the MWC potential, Milner (1988) was successful in
quantitatively predicting direct-force measurements of a sys-
tem of polystyrene chains (M, =1.41x10° terminally at-
tached to mica cylinders in toluene. The parameters of the
potential were determined from osmotic pressure and radius
of gyration measurements, which resulted in C,=300. This
system is very different from the PMMA particles with poly
(12-hydroxystearic acid) ‘brushes’ that were used in the SANS
measurements, but it does indicate the expected order of mag-
nitude of C,. Although most of the physical information re-
quired to determine C, for the SANS system is not known,
the C, of the polystyrene system can be adjusted for the dif-
ference in chain length to give C,=50. Therefore, the C, for
the SANS system is likely to be greater than 10, but less than
1,000.

Brownian dynamics simulations were conducted with 256
particles at the concentrations in Table 4 with A,=1.333,
N,=20,000 and Ar=0.0005. Results are presented for two val-
ues of C, (20 and 200) at the highest and lowest concentrations,
which indicate the ability of the MWC potential to reproduce
the SANS data using C, as the only adjustable parameter.
Figures 6 and 7 compare the computed structure factors S(K)
with those reported by Markovic and coworkers (1986) for
their experimental systems at the highest and lowest concen-
trations; the intermediate concentrations show behavior be-
tween these extremes. The experimental peak heights are
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Figure 6. Static structure factors from Brownian dynam-
ics simulations (m m m) with h,=1.333, ¢
=0.0497, and C, =200 (a) and C, =20 (b), from
Markovic and coworkers (1986) for ¢, =0.23(0),
for equivalent hard spheres of the Brownian
dynamics systems (—), and for the estimated
equivalent hard-sphere system of the experi-
mental system (— —).

consistently predicted by the MWC potential for a single value
of C,=200 (Figures 6a and 7a). However, the peak positions
do not coincide; the primary peak of the SANS data is to the
left of the Brownian dynamics peak, and the gap widens as
the concentration increases.

In addition to the SANS and Brownian dynamics results,
curves are also included in Figures 6 and 7 for equivalent hard-
sphere systems, which are based on the parameters and particle
concentrations used in the Brownian dynamics simulations. A
second set of hard-sphere curves is included in the figures for
C,=200 (shown as dashed lines), which correspond to the same
hard-sphere concentrations as the first set, but for different
hard-sphere radii. These will be discussed below. The first set
of hard-sphere results show excellent agreement with the
Brownian dynamics resuits except at low K, and agreement
improves as C, increases because the potential becomes more
hard-sphere-like as it becomes stronger. The primary peak
heights of the Brownian dynamics, SANS, and hard-sphere
S(K) curves correspond at C, = 200.

The topography of the hard-sphere g(r) and S(K) curves
is established by the single parameter ¢,,, the hard-sphere vol-
ume fraction. The hard-sphere radius scales the domains of
g(r) and S(K), but does not affect the height and depth of
the maxima and minima. Therefore, only one hard-sphere
volume fraction will produce a given primary peak height in
S(K). If it is assumed that the primary peak height of the
SANS S(K) data corresponds to the peak height of the true
unknown equivalent hard-sphere system, then matching peak
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Figure 7. Static structure factors from Brownian dynam-
ics simulations (= m w) with h,=1.333, ¢
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Markovic and coworkers (1986) for ¢, =0.42( o),
for equivalent hard spheres of the Brownian
dynamics systems (—), and for the estimated
equivalent hard-sphere system of the experi-
mental system (— —).

heights will give the equivalent hard-sphere concentration ¢j,
of the experimental system at each of the four concentrations,
and matching primary peak positions will give the equivalent
hard-sphere radius aj,. The equivalent hard spheres of the
MWC potential with C, =200 give primary peaks in S(K) that
correspond in height to the SANS data, implying that those
hard-sphere concentrations correspond closely to the actual
equivalent hard-sphere concentrations of the experimental sys-
tems. The equivalent radius of the hard-sphere system could
then be identified by scaling the abscissa to match the peak
positions of the SANS data. Table 5 gives the equivalent hard-
sphere attributes obtained by this procedure for the experi-
mental systems. The region to the left of the primary peaks
of the experimental S(K) curves are poorly fit at the low
concentrations by the hard-sphere theory (Figure 6a), but the
fit is reasonably good at the higher concentrations (Figure 7a).

The hard-sphere radius estimates in Table 5 show a strong
dependence on particle concentration; the radius increases by
20% between the highest and lowest concentrations. This is

Table 5. Estimated Effective Hard-Sphere Attributes of the
Experimental SANS Systems Based on Static Structure Factors
¢2 a;s ¢;s
0.42 1.116 0.2232
0.36 1.227 0.1440
0.28 1.340 0.0860
0.23 1.377 0.0650
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inconsistent with the premise of the Barker and Henderson
(1967) theory, which assumes that the equivalent hard-sphere
radius is characteristic of the potential only (in contrast to,
for example, the perturbation theory of Andersen et al., 1971).
A concentration-dependent equivalent hard-sphere radius is
consistent with the physical picture of compression and den-
sification of the polymer brushes.

Discussion

Agreement between the experimental S(XK) and Brownian
dynamics curves is moderately good at low concentration at a
consistent value of C,. The discrepancy at large ¢ is appre-
ciable, however, and cannot be corrected by adjusting C,; this
point is illustrated by the changes in S(X) as C, is increased
from 20 to 200. The question remains as to whether the dis-
parities are attributable to the potential model or caused by
inaccuracies in the characterization or interpretation of the
data. Certainly, the experimental results show the particles
approaching much more closely than permitted by the model
potential in the simulations. Therefore, either the model po-
tential overestimates the repulsive force or there is a problem
in interpretation of the experimental data, or both. Several
possibilities are considered in this regard.

The MWC steric model assumes that chains do not inter-
penetrate as two particles approach; rather, the chains com-
press. Napper (1983) argues that extremely high surface
coverages are required before interpenetration is inhibited,
because in a good solvent, even at high coverage, the segment
concentration is low at the extremity of the brushes. This
implies that the MWC potential overestimates the loss of free
energy and is too hard, particularly at low concentrations where
the stabilizer overlap is modest.

Other obvious limitations of the MWC potential are failure
to diverge until the surface separation goes to zero, which
neglects the finite volume of polymer chains, and neglect
of a *““foot” in the segment density profile predicted by the
Scheutjens and Fleer mean field equations at the outer ex-
tremity of the brushes (Cosgrove et al., 1987; Milner, 1990).
These are unlikely to be major effects in the situation analyzed
here. Neglect of curvature under conditions where the ratio of
stabilizer thickness to particle radius is of order unity is likely
to have some effect; here, #,/2=0.667, and the splaying of
the polymer brushes would certainly soften the potential.

The two most important experimental parameters are the
core particle radius, which is the characteristic length used
throughout the Brownian dynamics formulation, and the par-
ticle concentration, which has a strong influence on the radial
distribution function and static structure factor obtained from
Brownian dynamics.

The particle radius and stabilizer thickness are based on the
interpretation of intraparticle scattering measured at low con-
centration (Markovic et al., 1986). The data were fit to a
theoretical form for concentric spheres, which assumes that
both the core and shell have constant scattering densities. This
neglects the scattering profile in the stabilizer layer. If the
homogeneous-shell interpretation represents an average scat-
tering density with an effective shell thickness that is smaller
than the true shell thickness, then the steric interaction in the
physical system is actually longer range than 4, =1.333.

It is difficult to reconcile the reported core radius of 150 A
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with the experimental structure factor data of Marcovic and
coworkers (1986). When Fourier transformed to obtain the
radial distribution function, these data show core separations
approaching zero [nonzero g (r) as r—2] as the volume fraction
increases. Electron micrographs of carbon replicas of the core
particle plus (dry) stabilizer indicate an average radius of 185 A,
with a coefficient of variation of 8%; this implies that the
minimum separation ever achievable for particles with a core
of 150A is 70A, requiring g(r) to remain equal to zero at
least to r=2.47. Other uncertainties in the analysis of the
scattering data, including the method used to account for in-
traparticle scattering and neglect of multiple scattering and
particle deformability, are unlikely to be important in the cur-
rent context.

The particle number density was obtained by Marcovic and
coworkers from mass difference measurements by assuming
an average density for the core particle plus stabilizer, with
the stabilizer thickness determined from dilute SANS meas-
urements. This procedure is guite sensitive to uncertainties in
the stabilizer thickness because of the cubic dependence in Eq.
21. Inaddition, the interpretation is based on a solvated particle
radius, while the concentration measurement utilizes dry par-
ticles. Hence, the reported particle concentrations could con-
tain systematic errors which cannot be evaluated with the
available information.

Effects of Hamaker Attractive Forces

Brownian dynamics simulations were performed with both
steric and Hamaker forces for several values of C, at two
particle concentrations, with A,=1.333. The additional dimen-
sionless parameter A was assigned the value 1.2146, which is
the same value used by Cairns et al. (1981) in their Monte Carlo
and cell model calculations. This value is consistent with general
guidelines for Hamaker forces in organic systems (Russel, 1987).
Detailed results are contained in TeGrotenhuis (1991). The most
notable effect of Hamaker forces is the loss of stability in the
system when the steric forces are not strong enough; instability
is manifested in the simulations as catastrophic particle overlap
and loss of meaningful results due to the absence of a short-
range hard core in the potential of interaction. Aggregation
would occur if a hard core was implemented. When C,<35.0,
the suspension is unstable for ¢ >0.149, and when C,<8.0, the
system is unstable for ¢ >0.224. This lends some credibility for
estimating 10<C, < 1,000, but is inconclusive because of the
limitations of the MWC potential noted previously. The osmotic
pressure is relatively unaffected at the concentrations studied,
which are generally higher than concentrations used in the sim-
ulations of Figures 2 through 7. Inclusion of Hamaker forces
cannot account for the discrepancies between the experimental
and Brownian dynamics results that were observed previously.

Self-Diffusion

Hydrodynamic interactions were included in simulations used
to calculate the self-diffusion coefficients from the mean-square
displacemeni curve. The hydrodynamic interactions do not
account for the stabilizer layer, but assume that the continuous
fluid extends at constant viscosity to the surface of the core
particles. The alternate approach of rescaling the hydrody-
namics with an additional length scale that reflects the effective
hydrodynamic radius is not possible, since two particles can
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approach within a distance that is less than twice the hydro-
dynamic radius and this is interpreted by the hydrodynamic
calculations as particle overlap. A correct implementation of
hydrodynamics for sterically stabilized particles would be to
specify a hydrodynamic radius that is larger than the core
particle radius and then allow deformation of the hydrody-
namic particle, but this was not attempted.

A series of simulations was conducted without hydrody-
namics at ¢ = 0.149 with N=108 and 256 for time steps ranging
from 0.00005 to 0.0005 to explore the effects of system size
and time step on calculated equilibrium properties and on the
self-diffusion coefficient (TeGrotenhuis, 1990). The results in-
dicated systematic error in D,/D,; self-diffusion decreased as
At decreased and as the system size decreased, but the changes
were less than 10%.

Self-diffusion coefficients were calculated at several volume
fractions with C,=20.0 and #,=1.333, with and without hy-
drodynamic interactions. As expected, equilibrium properties
were insensitive to the presence or absence of hydrodynamic
interactions. The calculated self-diffusion coefficients are
shown in Figure 8. There is no trend to the differences between
points calculated with and without hydrodynamic interactions.
The scatter in the points at lower concentrations is consistent
with our previous discussion (TeGrotenhuis et al., 1989) that
the error in calculated self-diffusion coefficients increases with
decreasing concentration. Self-diffusion is a monotonically de-
creasing function of concentration for a purely repulsive po-
tential, so any increases in D, as concentration increases must
be due to statistical error.

The theory of self-diffusion of hard spheres in a vacuum
(Ackerson and Fleishman, 1982; Hanna et al., 1982; Ohtsuki
and Okano, 1982a) gives the linear result

D

(2

=1- 2¢h: (23)

in the limit of low volume fraction. Batchelor (1983) and Yosh-
ida (1983) both incorporated hydrodynamic interactions for
monodisperse suspensions and obtained small corrections;
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Figure 8. Self-diffusion coefficient dependence on vol-
ume fraction, without hydrodynamic interac-
tions for N=256 (o), without hydrodynamic
interactions for N=108 (o), with hydrody-
namic interactions for N=108 (e), and linear
theory for equivalent hard spheres (—).
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Batchetor found 2.10 as the linear coefficient, indicating hy-
drodynamic interactions retard self-diffusion, while Yoshida
obtained 1.996, indicating slightly enhanced self-diffusion. In
both cases, the effects of hydrodynamic interactions are an
order of magnitude lower than the excluded volume effects,
which is consistent with the results obtained here for sterically
stabilized particles. For C,=20.0 and h,=1.333, the effective
hard-sphere radius is a,, = 1.3872, which when substituted into
Eqgs. 19 and 23 gives

D
1=1-5.339¢ (24)

0

A line corresponding to Eq. 24 is included in Figure 8. The
hard-sphere theory lies below the best-fit line through the data,
which is not shown. The disparity could be due to higher order
terms, which must eventually increase the self-diffusion coef-
ficient to prevent the theory from predicting negative diffusion
coefficients. It is also possible that the limiting slopes of the
mean-square displacement curves at long times were not
achieved, leading to an overprediction of the self-diffusion
coefficient (Ohtsuki, 1982b; Hess and Klein, 1981).

It is worth noting that the equilibrium MWC potential was
used to calculate a transport property, which inherently in-
volves a dynamic process. This inconsistency is also present in
other types of colloidal interactions, including electrostatic,
but is likely to be more important here where relaxation proc-
esses are longer.

Conclusions

Brownian dynamics is a powerful tool for establishing both
equilibrium and transport properties of model colloidal sus-
pensions. The simulations reported here for colloids interacting
through the short-range steric potential of Milner, Witten, and
Cates (1988) point to the deficiencies in the theory, notably
the extent of “‘softness’’ of the potential, and they raise ques-
tions about the SANS experimental approach to structure de-
termination in systems of this type. It is clear that unambiguous
determination of the critical parameters for simulation is es-
sential for a proper comparison between experimental structure
measurements and Brownian dynamics simulations. It can be
concluded that systems following the MWC potential can be
approximated by equivalent hard spheres, particularly as the
steric interaction becomes stronger, except for the calculation
of short-range structure. The hard-sphere approximation, as
evaluated using osmotic pressure calculations, becomes poorer
as the concentration approaches the hard-sphere phase tran-
sition. Hamaker forces have little effect on the calculated equi-
librium properties, but their inclusion can lead to loss of
suspension stability when the steric potential is too soft. Fi-
nally, the change in self-diffusion coefficient with concentra-
tion is predominately due to excluded-volume effects in the
concentration and steric potential range studied; the effect of
hydrodynamic interaction is smaller by an order of magnitude.

Notation

a = radius of colloidal particles
a,, = equivalent hard sphere radius
a = size of monomer unit in a freely-jointed chain of equivalent
length

A = Hamaker force constant
A = N-particle Brownian force vector
C, = dimensionless magnitude parameter of Milner, Witten and
Cates steric potential
C, = dimensionless magnitude parameter of steric potential used
by Ottewill and Walker (1968)
D, = free-particle diffusion coefficient
D, = self-diffusion coefficient
D,, = long-time self-diffusion coefficient
DIs = self-diffusion coefficient of equivalent hard spheres
F = N-particle net interparticle force vector
F, = net interparticle force on particle /
F,; = interparticle pair force vector from particle j to particle /
g(r) = radial distribution function
h™ = equilibrium thickness of polymer chains attached to a single
flat plate
h, = dimensionless distance parameter of Milner, Witten and
Cates steric potential
I = identity matrix
k = Boltzmann’s constant
K = magnitude of the wavevector
L, = cubic edge length of the system
m = number of time steps between adjacent points in the cal-
culated mean square displacement curve
m = inertial tensor for the system of particles
N = number of particles in the system
N. = number of particle configurations sampled when calculating
average properties
N; = polymerization index of attached polymer chains
N, = number of starting times used in run-time averaging

N, = particle number density of simulated suspension
osmotic pressure of the suspension
Pos = osmotic pressure of hard sphere system calculated from
Carnahan-Starling equation of state (1970)
r = center-to-center particle separation
r,; = center-to-center separation of particles / and j
r,; = vector from the center of particle j to the center of particle
i
r; (1) = position vector of particle j at time ¢
R = hydrodynamic resistance matrix
R., = Stokes drag contribution to the hydrodynamic resistance
matrix
= surface-to-surface separation of two colloidal particles
S(K) = static structure factor
t = time

5
1

©
|

t, = length of previous simulations that were run at the same
conditions to allow the system to relax to equilibrium
¢t/ = jth starting time used in run-time averaging

T = temperature
Uy = Hamaker interparticle pair potential
U, = steric interparticle pair potential
U(r) = interparticle pair potential
v = 6N vector of translational and angular velocities for N par-
ticles

w = excluded volume parameter in Milner, Witten and Cates
steric potential
Ar(t) particle displacement in time ¢

At = time step of numerical integration of Langevin equation

Greek letters

8§ = dirac delta function

w = viscosity of suspending fluid
o = surface coverage of polymer chains attached to a surface
(chains/area)
Acknowledgment ¢ = volgme fraction of particles in the simulated suspension
This work was supported by the Director, Office of E R . ¢ns = equivalent hard sphere volume fraction
| ; orted by the Director, ice of Energy Research, ¢, = volume fraction of particles plus stabilizer | fi i
Office of Basic Energy Sciences, Materials Science Division of the stabilized particlesp P rlayer for sterically
U.S. Department of Energy under Contract No. DE-AC03-76SF00098. x = Flory chi parameter
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